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A note on the Hamiltonian of the real scalar field
De-Chang Dai
Astrophysics, Cosmology and Gravity Centre, University of Cape Town, Rondebosch, Private Bag, 7700, South Africa
We address the question of ambiguity in defining a Hamiltonian for a scalar field. We point
out that the Hamiltonian for a real Klein-Gordon scalar field must be consistent with the energy
density obtained from the Schrodinger equation in the non-relativistic regime. To achieve this we
had to add some surface terms (total divergencies) to the standard Hamiltonian, which in general
will not change the equations of motion, but will redefine energy. As an additional requirement, a
Hamiltonian must be able to reproduce the equations of motion directly from Hamilton’s equations
defined by the principle of the least action. We find that the standard Hamiltonian does not always
do so and that the proposed Hamiltonian provides a good non-relativistic limit. This is a hint
that something as simple as the Hamiltonian of the real Klein-Gordon scalar field has to be treated
carefully. We had illustrated our discussion with an explicit example of the kink solution,
PACS numbers:
I. INTRODUCTION
The Klein-Gordon equation was first proposed as a
relativistic version of the Schrodinger equation, but it
contained two fundamental problems at that time. The
first problem was that the negative energy solutions were
predicted. The negative energy solutions were at first
considered unphysical, however, it turned out that they
actually predicted the existence of antiparticles [1].
The other problem was that the wavefunction, ψ,
does not allow for |ψ|2 to be probability density, since
ψ∗∂tψ − ψ∂tψ∗ may lead to negative probability. This
problem turns out to be creation and annihilation of par-
ticles in the quantum physics [2]. At the same time
the energy of the field is not directly from the an-
gular frequency, k0, but from the Hamiltonian H =∫
d3x(∂tψ)
2/2 + (∂xψ)
2/2 +m2ψ2/2.
This Hamiltonian comes from the Lagrangian, which is
predicted from the Klein-Gordon equation. However, it is
well known that the Lagrangian is not unique in classical
mechanics. Each Lagrangian generates its own Hamilto-
nian and therefore, the Hamiltonian is also not unique. In
order to have a self-consistent result, the Hamilton equa-
tions generated by the Hamiltonian must be an equation
of motion. This provides a new constraint which limit the
degree of freedom of the Hamiltonian and possibly the
Lagrangian. Furthermore, the Hamiltonian is considered
to be the energy of a system and Hamiltonian density
is considered to be energy density. Therefore, by con-
sidering a non-relativistic approximation, Schrodinger’s
quantum physics, one can decide which Hamiltonian is
the correct one.
In this following sections, we first review the real Klein-
Gordon equation, and then use the same strategy to
find out possible Hamiltonians. We then compare the
Hamiltonian with the energy density predicted by the
Schrodinger equation. It turns out the suitable Hamilto-
nian in this case is not H =
∫
d3x(∂tψ)
2/2+ (∂xψ)
2/2+
m2ψ2/2, but rather H =
∫
d3x(∂tψ)
2/2 − ψ∂2xψ/2 +
m2ψ2/2. This discrepancy is a hint that the Hamiltonian
of a real Klein-Gordon field is needed. We then check if
the Hamiltonians will generate the correct equation of
motion. We will show that the new Hamiltonian gen-
erates the correct equation of motion, but the standard
one does not. Generating the correct equation of mo-
tion provides an indicator which is able to confirm which
Hamiltonian is the right one. A similar problem has been
pointed out in the linear tension wave [3]. They found a
similar replacement is needed for the linear-tension-wave
Hamiltonian.
As a consequence, all the models of scalar fields where
energy is important must be reconsidered. For example
scalar-tensor gravity models widely used in cosmology
will have different energy density from those typically
considered.
Throughout the paper we focus on a real scalar field
only. The discussion presented here may apply to a com-
plex field. However, this is not the subject of this paper.
II. REVIEW ON A KLEIN-GORDON
EQUATION
Let’s consider the 2D Klein-Gordon equation
∂2t ψ − ∂2xψ +m2ψ = 0 (1)
This equation describes the motion of a mass m free par-
ticle. We multiply this equation with ∂tψ and re-arrange
it to get
∂t
(1
2
(∂tψ)
2+
1
2
(∂xψ)
2+
1
2
m2ψ2
)
−∂x(∂tψ∂xψ) = 0 (2)
We now multiply it by ∂xψ and get
2− ∂t(∂tψ∂xψ) + ∂x
(1
2
(∂tψ)
2 +
1
2
(∂xψ)
2 − 1
2
m2ψ2)
)
= 0
(3)
The usual continuity equation is
∂tT
tt + ∂xT
tx = 0 (4)
∂tT
xt + ∂xT
xx = 0 (5)
By comparing, we expect
T tt =
1
2
(∂tψ)
2 +
1
2
(∂xψ)
2 +
1
2
m2ψ2 (6)
T tx = T xt = −∂tψ∂xψ (7)
T xx =
1
2
(∂tψ)
2 +
1
2
(∂xψ)
2 − 1
2
m2ψ2 (8)
This implies that the Hamiltonian density is
H = T tt = 1
2
(∂tψ)
2 +
1
2
(∂xψ)
2 +
1
2
m2ψ2 (9)
and the Lagrangian density is
L = 1
2
(∂tψ)
2 − 1
2
(∂xψ)
2 − 1
2
m2ψ2 (10)
This Lagrangian gives the Klein Gordon equation by
following the standard procedure.
III. OTHER HAMILTONIANS FOR THE SAME
EQUATIONS OF MOTION
Although equation (2) is the standard one and is be-
lieved to be the continuity equation of the field, there
are other equations that are of the same form. If one
re-arranges equation (2) and (3) differently, one has (for
some other solutions please see the appendix)
∂t
(1
2
(∂tψ)
2−1
2
ψ∂2xψ+
1
2
m2ψ2
)
−∂x
(1
2
∂xψ∂tψ−1
2
ψ∂x∂tψ
)
= 0
(11)
and
− ∂t
(1
2
∂tψ∂xψ − 1
2
ψ∂x∂tψ
)
+ ∂x
(
− 1
2
ψ∂2t ψ +
1
2
(∂xψ)
2 − m
2
2
ψ2
)
= 0 (12)
If these two are interpreted as the continuity equations,
then
T tt =
1
2
(∂tψ)
2 − 1
2
ψ∂2xψ +
1
2
m2ψ2 (13)
T tx = T xt = −1
2
∂tψ∂xψ +
1
2
ψ∂x∂tψ (14)
T xx = −1
2
ψ∂2t ψ +
1
2
(∂xψ)
2 − m
2
2
ψ2 (15)
Therefore, the new Hamiltonian density may be in the
form
H′ = T tt = 1
2
(∂tψ)
2 − 1
2
ψ∂2xψ +
1
2
m2ψ2 (16)
,
and Lagrangian density
L′ = 1
2
(∂tψ)
2 +
1
2
ψ∂x∂xψ − 1
2
m2ψ2 (17)
It is clear that the new Lagrangian give the same equa-
tion of motion as the standard equation of motion de-
scribed previously, because L′ − L is a total divergence.
Therefore, the equations of motion generated from La-
grangian alone, are not a sufficient test for choosing the
correct Hamiltonian or Lagrangian.
IV. THE CRITERIA FOR CHOOSING THE
CORRECT HAMILTONIAN
The Klein-Gorden equation is the relativistic wave
equation for a scalar particle. In the low energy limit,
it is reduced to the non-relativistic case. It is then in-
structive to compare it with the solutions of the non-
relativistic Schrodinger wave equation.
Consider the following example of an infinite potential
well
V (x) =
{
0 0 < x < L
∞ elsewhere
The Schrodinger equation is
Enφ(x) = −∂
2
xφ(x)
2m
+ V (x)φ(x) (18)
Since the particle can not exist inside an infinite po-
tential well, the boundary condition is φ = 0 if x > L or
x < 0. The solution is
φ(x) = A sin(knx) (19)
kn =
npi
L
(20)
En =
k2n
2m
(21)
Here, A is a constant. Kn << m so that the rela-
tivistic effects can be ignored. The energy density or
Hamiltonian density is then
Hn = Enφ(x)
2 = EnA
2 sin2(knx) (22)
3The same boundary condition can be applied to the
Klein-Gordon equation, which gives the corresponding
solution
ψ(x) = B sin(Et+ η) sin(knx) (23)
E =
√
m2 + k2n (24)
where B is a constant. We first try the standard Hamil-
tonian density.
H = B
2
2
(
E2 cos2(Et+ η) sin2(knx)
+ k2n sin
2(Et+ η) cos2(knx)
+ m2 sin2(Et+ η) sin2(knx)
)
(25)
This is very different from equation(22), and in par-
ticular, the energy density at x = 0 and x = L is not
zero.
Now we try the new Hamiltonian density.
H′ = B
2E2
2
sin2(knx) (26)
It is the same as equation (22), and we can easily adjust
A and B so that Hn = H′. This implies that H′ is more
likely to be the correct Hamiltonian density for a free
particle.
V. WHY THE NEW HAMILTONIAN GIVES A
SELF-CONSISTENT RESULT?
While it is unclear which Lagrangian or Hamiltonian
is a priori the correct one, we must be able to generate
Hamilton’s equations of motion directly from the Hamil-
tonian
∂tpi = −∂H
∂ψ
(27)
∂tψ =
∂H
∂pi
(28)
pi =
∂L
∂(∂tψ)
= ∂tψ (29)
Following Hamilton’s principle, equations (27) must re-
produce the correct equation of motion coming from the
Lagrangian. Therefore,
∂2t ψ = −
∂H
∂ψ
= ∂2xψ −m2ψ (30)
Here, ∂2xψ −m2ψ must be pi independent. Therefore,
the Hamiltonian must be in the form
Hn = 1
2
(∂tψ)
2 −
∫
(∂2xψ)dψ +
1
2
m2ψ2 (31)
Following the calculations in [4], we get
∫
(∂2xψ)dψ =
1
2
ψ∂2xψ (32)
Therefore H′ has the same form as Hn and will give
the correct equation of motion. On the other hand, since
Hn is not the same as H, H can not generate the correct
equation of motion and can not be the correct Hamilto-
nian density in this case.
VI. THE CASE OF GENERAL POTENTIAL
In general a self-interacting field has an equation of
motion
∂2t ψ − ∂2xψ + ∂ψf(ψ) = 0 (33)
Here, f(ψ) is a general function of ψ. Following the
same procedure as outlined in the previous sections, one
finds that the new Hamiltonian density and Lagrangian
density can be written as
H′g =
1
2
(∂tψ)
2 − 1
2
ψ∂2xψ + f(ψ) (34)
L′g =
1
2
(∂tψ)
2 +
1
2
ψ∂2xψ − f(ψ) (35)
(36)
This form is also different from what is generally be-
lieved to be the standard Hamiltonian and Lagrangian
Hg = 1
2
(∂tψ)
2 +
1
2
(∂xψ)
2 + f(ψ) (37)
Lg = 1
2
(∂tψ)
2 − 1
2
(∂xψ)
2 − f(ψ) (38)
Since the difference comes from ∂2xψ terms, any non-
isotropic field will have an energy-momentum distribu-
tion different from the original one. The most obvious
example is the kink solution. Let’s take Z2 symmetry as
an example. The Z2 kink is a time independent field. Its
energy density depends only on a space coordinate. In
this case
f(ψ) =
λ
4
(ψ2 − η2)2 (39)
The equation of motion is
∂2t ψ − ∂2xψ + λ(ψ2 − η2)ψ = 0 (40)
The Z2-kink solution is
4ψ = η tanh
(√λ
2
ηx
)
(41)
The new Hamiltonian density or energy density is
H′g =
λη4
4
sech4
(√λ
2
ηx
)
cosh
(√
2ληx
)
(42)
which is obviously different from the standard one
Hg = λη
4
2
sech4
(√λ
2
ηx
)
(43)
Since the energy distribution is different in these two
cases, the gravitational field of this kink will be different
from what is expected. If we were to solve Einstein’s
equations Gµν = κTµν in order to find the corresponding
metric for this solution, we would need to use the correct
energy density H ′g, and not the standard one Hg.
VII. CONCLUSIONS
In this paper we have argued that it is impossible to
guess the Lagrangian and Hamiltonian purely from the
equation of motion; extra constraints must be included
to fix the choice. As one of the basic requirements, the
choice must be consistent with the non-relativistic limit.
By imposing this condition we have shown that the stan-
dard Hamiltonian density for a scalar field, H, is not the
energy density. Instead the correct choice is H′. The
new Hamiltonian H′ also correctly generates Hamilton’s
equations, which follow from Hamilton’s principle. The
standard Hamiltonian, H, failed to do this which implies
that H is not always a correct choice.
We explicitly studied the example of a Z2 kink. As
expected, the new energy density is not the same as stan-
dard one, which means that its gravitational effect may
need to be reconsidered.
The problem for the Hamiltonian and Lagrangian
transform in quantum theory is that (∂xψ)
2 is treated
as a function of ψ and is independent from ∂tψ. This
is not always true, which can be seen from the point of
view of a Lorentz boosted observer. After boosting, ∂tψ
will combine with ∂xψ. Therefore, there is no reason to
believe ∂xψ is generally independent from ∂tψ.
Since scalar fields have been widely studied in particle
physics and cosmology the choice of the correct Hamilto-
nian is very important. The Hamiltonian represents the
energy density, so the gravitational effects predicted by
these models are not correct. This calls for careful re-
examination of the standard results derived in this con-
text.
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Appendix A: general conservation equation
This is an example of an equation written in the form
of the continuity equation:
∂t
(1
2
(∂tψ)
2 +
a
2
(∂xψ)
2 − (1− a)1
2
ψ∂2xψ +
1
2
m2ψ2
)
− ∂x
(
(1 + a)
1
2
∂xψ∂tψ − (1− a)1
2
ψ∂x∂tψ
)
= 0 (A1)
Here, a is a constant and
− ∂t
(
(1 + a)
1
2
∂tψ∂xψ − (1− a)1
2
ψ∂x∂tψ
)
+ ∂x
(a
2
(∂tψ)
2 − (1− a)1
2
ψ∂2t ψ +
1
2
(∂xψ)
2 − m
2
2
ψ2
)
= 0
(A2)
If we interpret it as the continuity equation, then
T tt =
1
2
(∂tψ)
2 + a
1
2
(∂xψ)
2 − (1− a)1
2
ψ∂2xψ +
1
2
m2ψ2
(A3)
T tx = T xt = −(1 + a)1
2
∂tψ∂xψ + (1− a)1
2
ψ∂x∂tψ
(A4)
T xx = a
1
2
(∂tψ)
2 − (1 − a)1
2
ψ∂2t ψ +
1
2
(∂xψ)
2 − m
2
2
ψ2
(A5)
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